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AnalysisofthePhaseStructureofThermalQED/QCDthrough
theHTLImprovedLadderDyson-SchwingerEquation

OntheGaugeDependenceoftheSolution

HisaoNAKKAGAwA,*)HiroshiYoKoTA**)andKojiYosHIDA***)

InstituteforNaturalSciences,NaraUniversity,Nara631-850,Japan

WesolvedwithanumericalproceduretheHTLimprovedladderDSequationforthe

retardedfermionself-energyfunctionΣRtostudythespontaneousgenerationoffermion

massinthermalQCD/QED,andstudiedthegauge-dependenceofthesolutionwithina

generalcovariantgaugewherethegaugeparameterξisanyconstantnumber.

Withthenumericalsolutionsthusobtained,wefoundthefollowings;i)Thefermion

wavefunctionrenormalizationfunctionA(P)alwaysdeviateslargelyfromunityevenatthe

momentumwherethemassisdefined,thusthecorrespondingsolutionsexplicitlycontradict

withtheWard-Takahashiidentity.ii)Asaresult,theobtainedsolutionsstronglydependon

thechoiceofgaugeparameters:thecriticaltemperaturesandthecriticalcouplingconstants

significantlychangegaugebygauge.Inallgaugeswestudiedinthepresentanalysis,we

couldnotfindanysolution,havingapossibilitytobeconsistentwiththeWard-Takahashi

identity.Thusweareforcedtoinvestigatetheproceduretofindagaugewhichenablesus

togetasolutionbeingconsistentwiththeWard-Takahashiidentity,otherwisewecannot

obtainanyphysicallymeaningfulconclusionsthroughtheanalysisofthepoint-vertexladder

DSequationnomatterhowthegaugepropagatorgetsimproved.

ｧ1.Introductionandsummary

Recentstudiesongaugefieldtheoryhavebeenrevealingrichaspectsofphase

structureofthematteraccordingtothevariationofnumberdensityand/ortemper-

ature.However,itissupposedtobehardtoobtainmoredetailedunderstandingof

themechanismofphasetransitionbymeansofsuchtheoreticalstudies,sincemostof

themwerecarriedoutonthebasisofperturbativecalculationorofnumericallattice

simulation.Thismotivatedustosurveytheproblemofphasetransitionusingthe

Dyson-Schwinger(DS)equation,firstlybecausetheDSequationisderivedexactly

inthefieldtheoryandisthefundamentalequationtoinvestigatenonperturbative

phenomenawithintheframeworkoffieldtheory,andsecondlybecausewecanob-

tainsuccessivelyimprovedsolutionsbythesuccessiverefinementoftheanalytical

approximationtoitsintegrationkernel,thusrevealingtheessentialcontributionthat

controlsthephasetransitiondependingonthetemperature/density.

WestartedouranalysiswiththeDSequationfortheretardedfermionmassfunc-

tionΣ7RtostudythespontaneousgenerationoffbrmionmassinthermalQED/QCD.1)

Intheanalysisweusedanimprovedladderinteractionkernelobtainedanalytically

throughtheHaxd-Thermal-Loop(HTL)resummationprocedure,inwhichtheladder

kernelisimprovedbyuseoftheHTLresummedformofthegaugebosonpropagator.
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Werealizedthattheresultsobtained2)aresigni丘cantlydifferentfromthoseobtained

intheprecedinganalyseswiththesimpleladderDSequation.3)Itisworthnoticing

that,inallprecedingDSequationanalysesincludingours,thebare(point)vertex

ladderapproximationfortheintegrationkernelhasbeenused,thusthatanyvertex

correctiondoesnotresult.

Weheresummarizetheessentialpointsofouranalysisthatmaygivetheresult

significantlydifferentfromthoseoftheprecedingworks.(Fordetailsofourresults,

seeRef.2).)

i)

thermalquasiparticlenatureofth

effectofthermalfluctuationsthroughtheHTLresummation,ituwassuggestedthat

theobtainedresultshowedaseriousproblem,i.e.,dependenceonthechoiceofthe

gaugeusedintheanalysis.WecanrecognizeittoseethattheidentityZ1=Z2

impliedbytheWard-Takahashiidentity,doesnothold,whereZlandZ2denotethe

vertexandthewave-functionrenormalizationconstants,respectively.

SurelyevenifsomesolutionssatisfytheidentityZ1=Z2,itisstillpossible

thattheydonotsatisfythefullWard-Takahashiidentities,andthustheyaregauge-

dependentsolutions.Importantpoint,however,isthatthosesolutionsnotsatisfying

Zl=Z2cannotbegaugeinvariant,namely,thattosatisfytheidentityZl=Z2is

thenecessarycondition*)fbrtheobtainedsolutiontobegauge-invariant.Itishere

worthnotingthefactthatinthermalQCDintheHTLapproximationtheWard-

Takahashiidentitiesarefc)rmallyidenticaltothosesatis丘edattreelevel.4)

Theretardedfermionmassfunctioncanbeparameterizedwiththethreeinvari-

antfunctionsA,BandCas

TheDSequationfortheretardedfermionmassfunctionrRisderivedcorrectly

withoutanyspecificassumptionforitsform.

ii)NontrivialimaginarypartsoftheinvariantfunctionsA,BandC(see,the

de丘nitionof.Σ7RラEq.(1・1))aretakenintoaccount.

iii)Weadoptedtheimprovedladderintegrationkernelanalyticallyobtainedinthe

HTLapproximation.

Despitetheimprovementsintakingintoaccountcorrectlya)the(unstable)

efermionintheheatbathandb)thedominant

ΣフR(P)=(1-.4(P))IP乞 ・γz-B(P)ツo十 〇(P) (1.1)

TheinverseofA(P)atthemomentumwherethefermionmassiscalculatedis

nothingbutthewavefunctionrenormalizationconstantZ2.Asnotedabove,the

vertexrenormalizat-ionconstantZlisexactlyunity,Z1=1,inouranalysisbecause

ofthebare(point)vertexladderapproximationfortheintegrationkernel,whichis

alsothecasewithotherworkscarriedoutbefore.ItfollowsthattheWard-Takahashi

identity,thestatementofgaugeinvariance,requiresZ2=1,namely,A(P)=1at

leastatthemomentumwherethefermionmassiscalculated.If.4≠1inthe

obtainedresults,itmeansthattheresultsdonotsatisfygaugeinvarianceandhence

thereislittlephysicalmeaningintheresultsobtained.

*)InthecaseofQEDitisexactlythenecessar
ycondition.InthecaseofQcDitissoin

analyzing,asinmostoftheanalyses,solelythedecoupledladderDSequationforΣRalone,with

theladderinteractionkernel,irrespectiveoffreeorHTL-improvedgaugebosonpropagator.
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Forthevacuum(T=0)case,fortunately,A(P)=1isverifiedtoholdinthe

analysisintheLandaugauge.5)TherefbreitissupposedthattheanalysisoftheDS

equationintheLandaugaugeラapartfronlthereliabilityoftheladderapproximation,

hassomephysicalsignificanceinthequantitativeaswellasqualitativesense.6),7)

At丘nitetemperaturesラhowever,thereisnoguaranteethat.4=1holdsevenat

themomentumwherethefermionmassiscalculated.Infactouranalysisinthe

LandaugaugeshowsthatAlargelydeviatesfromlandbecomesevencomplex

number.2>NamelytheanalysisofDSequationintheladderapproximationatfinite

temperature/densityQED/QCDisobviouslyinconsistentwithgaugeinvariance.

Thisgauge-dependenceproblemmustbetackledseriouslyinordertodrawa

definiteconclusionfromouranalysisoftheHTLimprovedladderDSequation,

whichindicatedtheimportancetocorrectlytakethedominanteffectofthermal

fluctuationsintotheintegrationkernelthroughtheHTLresummation.

Toseetheproblemmoreclearlywemustclarifyhowsensitivetheobtained

resultsaretothechoiceofgauges.Itwillhelpustostudywhetherthereexists

asolutionoftheDSequtionintheladderapproximationthatsatisfiesZl=Z2

impliedbytheWard-Takahashiidentity,atfinitetemperaturedensity,andalsoto

investigateりifsuchasolutionexists,whatistherealdifrerenceofitfromthe"gauge.

dependent"solutions.

Toanswerthequestions,inthispaperwewillsolvetheHTLimprovedladderDS

equationinageneralcovariantgaugeandstudythedependenceofthesolutionson

thevariouschoicesofthegaugeparameter,theninvestigatethepossibilitytoobtain

asolutionconsistentwiththeidentityZl=Z2りwhichisnothingbutthenecessary

conditionforthesolutiontobegauge-independent(see,thefootnoteinprevious

page).Wealsomakeanimprovementinestimatingthenumericalintegrationover

thesingularpartofintegrationkernelinthepresentanalysis.

Weherepresenttheresultsofouranalysis;Wefind,withingaugeswherethe

gaugeparameterξisconstantnumbers,i)thatthefermionwavefunctionrenor-

malizationfunctionA(P}alwaysdeviateslargelyfromunityevenatthemomentum

wherethemassisdefined,thusthatthecorrespondingsolutionsexplicitlycontradict

withtheWard-Takahashiidentity,andii)that,asaresult,theobtainedsolutions

stronglydependonthechoiceofgaugeparameters:thecriticaltemperaturesand

thecriticalcouplingconstantssignificantlychangegaugebygauge.Inallgauges

westudyinthepresentanalysis,wecannotfindanysolutionthathasapossibility

tobeconsistentwiththeidentityZl=Z2.Thusweareforcedtoinvestigatethe

proceduretofindagaugewhichenablesustogetasolutionbeingconsistentwith

theWard-Takahashiidentity,otherwisewecannotobtainanyphysicallymeaningful

conclusionsthroughtheanalysisofthepoint-vertexladderDSequtionnomatter

howthegaugepropagatorgetsimproved.

Thispaperisorganizedasfc)llows;Inthenext§2wepresenttheHTLresummed

Dyson-Schwingerequationfbrtheretardedfermionself-energyfunctionΣIR,and

explaintheimprovedladderapproximationadoptedinthepresentanalysis.Section

3isdevotedtopresentingthesolutionsoftheHTLimprovedladderDSequation,

revealingthelargegauge-dependencebetweensolutions.Conclusionsofthepresent

paperandtherelateddiscussionaregiveninthelast§4.IntheAppendixwegive
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sometechnicaldetailsinthenumericalanalysisinsolvingtheDSequations.

ｧ2.TheHTLresummedimprovedladderDyson-Schwingerequation

InthissectionwepresenttheHTLresummedDSequationfortheretarded

fermionself-energy-functionΣlR.Wealsogiveanexplicationabouttheimproved

ladderapproximationWemakeuseoftotheHTLresummedgaugebosonpropagator.

WethenpresenttheHTLresuYnmediYnprovedladderDyson-Schwingerequation

fortheindependentinvariantscalarfunctionsA,BandC.Wealsocalculatethe

effectivepotentialfortheretardedfermionpropagatorSRinordertofindthe"true

solution"whenwegetseveral"solutions"oftheDSequation.

2.1.TheHTLresummedDyson-Schwiragerequationfortheretardedfermionself-

eηe四 〃 伽 ηc`20π Σ1R

Intherealtimeclosedtime-pathformalism,weobtain,inthemasslessthermal

QED/QCDintheHTLapproximation,theDSequationforretardedfermionself-

energyfunctionLフR:

一乞珊 一一暗 君P)一一誓1齢

×[*rRAA(-P,K,P-K)SRA(K)*rRAA(-K,P,k'-P)*GRR ,μ"(P-K)

+*ｵrRAA(-P,K,P-K)SRR(K)*rAAR(-K,P,K-P)*GRA,ｵv(P-K)],

(2.1)

Here*GｵvistheHTLresummedgaugebosonpropagator,whoseretarded(R-RA)

andcorrelation(C-RR)componentsaregivenby8)

*GR(K)≡*ｵvG
RA(-K,K)

一 螂

)1K2一 蜘 且μレ+。 πβ(K)1K2一 蜘Bμ"-K2+iEk。Dμ"・

(22)

*Gｵ'
c"(K)≡*ｵvGRR(-K,K)一(1+2nB(ん ・))[*0鐸 μ(K)一*GｵvA(K)],(2・3)1
噛)=exp(ん

o/T)-1・(2●4)

with*IIRand*IIRbeingtheHTLcontributionstothetransverseandlongitudinal

modesoftheretardedgaugebosonself-energy,respectively.9)Theparameterξisthe

gauge一 丘xingParameter(ξ=OintheLandaugauge).Intheabove,・4μ",Bμ"and

Dμ 〃aretheprojectiontensorsgivenby8)

KｵKvKｵKv且 μ"
-gｵv-Bμ レ ーDμ レ・Bμ レ ー-

K2・Dμ 〃-K2,(2'5)

where、 左=(ム κ,んok),κ=～/k2andk=k/κdenotestheunitthreevectoralongk.

WeuseS(‐P,P)-S(P)todenotethefullfermionpropagator,whoseretarded
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(R-RA)andcorrelation(C-RR)componentsaregivenby

5R(P)≡SRA(-PりP)

sc(P)

nF(po)=

SRR(-P,P)
1

1

a)十iE'Yo一 Σ7Rラ

=(1-2nF(po))[SR(P)-SA(P)]
,

exp(po/T)十1,

(26)

(27)

(28)

withtheretardedfbrmionself-energyfunctionΣRdecomposedasEq.(1・1)interms

oftheindependentinvariantscalarfunctionsA(P),B(P)andC(P).

Finally,theHTLresummed3-pointfermion-gaugebosonvertexfunctions,*1'ｵ,

aregivenby

*醒

β7≡ 塩+δ 醒 βツ,

ツ隻みA=SAAR=ツ μラotherwiseO.

X2'9)

whereδ 醒 β7den・testheHTLresummedc・ntributi・nt・thevertexfuncti・n・4)

Asmentionedintheintroduction,atzerotemperaturethefermionwavefunction

renormalizationconstant・4(P)isequaltounityintheLandaugauge(ξ=0)even

intheladder(point-vertex)DSequation,whileatfinitetemperatureitisnot.The

quantityC(P)/A(P)-M(P)playstheroleofthemassfunction,inwhichweare

interested,thatvanishesinthechiralsymmetricphase.

2.2.TheHTj乙resurrzmed1)Sequationsfor〃 乙e2ηuα γ・2αηオノunctions/4,・BandO

Inthepresentanalysis,wesolvetheDSequationfortheretardedfermionself-

energyfunctionΣ7RラwiththeHTLresummedgaugebosonpropagatorりbyadopting

furtherthefollowingtwoapproxiYnations,i)thepoint-vertexapproximation,andii)

themodifiedinstantaneousexchangeapproximation,onwhichwegivebriefexpla-

nationsbelow.

i)Point-vertexapproximation

Asforthevertexfunction*1'ｵweadoptthepoint-vertexapproximation,namely

wedisregardδ 瑞 βツinEq・(2・9)・Thusweinvestigatetheladder(P・int-vertex)DS

equationwiththeHTLresummedgaugebosonpropagator.

Therearetworeasons;Firstly,withoutthepoint-vertexapproximationthenu-

mericalcalculationweshouldcarryoutbecomessocomplicatedthatwecannot

managewiththepowerofthecomputerweuse,becausetheHTLresummedcon-

tributi・nt・thevertexfuncti・n,δ 螺 βツ,isthen・n-1・calinteracti・nterm,andals・

becauseitbehavessingularinnumericalcalculations.Secondly,intheDSequation

withtheHTLresummedvertexfunction,itisdifFiculttoresolvetheproblemofdou-

blecountingofdiagramsり10)especiallyatthelevelofnumericalanalyses.Beingfree

fromthisproblemisthemainreasonwemakeuseofthepoint-vertexapproximation.

ii)ModifiedInstantaneousExchange(MIE)approximation
Wemakeuseofthemodifiedinstantaneousexchange(IE)approximation(i.e.,
settheenergycomponentofthegaugebosontobezero)tothegaugebosonprop-
agator,whichconsistsoftakingtheIElimitintheHTLresummedlongitudinal
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(electric)gaugebosonpropagator,*G,Lv,thatisproportionaltoBｵvりwhilekeeping

theexactHTLresummedformforthetransverse(magnetic)gaugebosonpropa-

gator,*GT,thatisproportionaltoAｵv,andalsoforthemasslessgaugetermin

proportiontoDiv.ThereasonwhywedonottaketheIElimittothetransverse

modeisthattheIEapproximationreducesthetransversemodetothepuremassless

propagation,thusmakestheimportantthermalefi'ect,i.e.,thedynamicalscreening

oftransversepropagationdisappear.Onthecontrary,thelongitudinalmodealways

receivesthenon-vanishingfiniteDebyescreeningefrect,thusevenifwetaketheIE

limittheimportantthermalefrectstillsurvivesinthismode.

Withtheabovetwoapproximations,weobtaintheHTLresummedimproved

ladderDSequationsfortheinvariantscalarfunctionsA,BandC:

p2[1-A(P)]-e2聯[{1+2nB(p・ 一κ・)}・m[w-K)]×

[{KみKρ 島 一p・(Kσ9ρ ・+Kρ9σ ・)一 ん・(瑞9ρ ・+島9σ ・)+Pん 之9σρ

A(K)
+{」 ら9ρ ・+瑞9σ ・十2Poん09σ09ρo}[ん

0+B(K)+乞 ξ]2-A(κ)2た2-0(K)2

-2P・9
σ・9ρ・}[κ

o+B(K)+笛 超 鰍)2ん2-。(K)2]+{1-2nF(κ ・)}×

*GR(P -h')・m[{隅+Kρ 貯P・(Kσ9ρ ・+Kρ9σ ・)一 κ・(瑞9ρ ・+ろ9σ ・)

A(K)
十Pんzgσ ρ十2Po鳶09σ09ρo}[k

o+B(K)+iE]2‐.9(K)2k2‐C(K)2

+{Pagp・+島9σ ・-2p・9σ ・9ρ・}[ん
。+B(K)+雛 讐)2ん2-。(K)2]]・

(210)

B(P)-e21齢[{1+2ng(p・ 一鳶・)}・m[・・賀(P-K)]×

且(K)

[{1ぐσ9ρo十1(ρ9σo-21ら09σ09ρo}[ん o+B(K)+iE]2-A(K)2ん2-0(K)2

+{29ρ ・29σ・-9σ ρ}[κ
。+B(K)+矯 殺)2κ2-。(K)2]+{1-2nF(ん ・)}×

*GR(P -K)lm[

[κ。+B(K)+a(x)iE]2-A(K)2κ2-。(K)2{Kσ9ρ ・+Kρ9σ ・

-2κ ・9σ・9ρ・}+

[κ。+B(K)+睾 鰍)2ん2-。(K)2{29ρ ・29σ・-9σ ρ}]],

(2.11)

・(P)一 一e2/券9σ ρ{1+2nB(p・ 一 ん・)}lm[・ ・賀(P-K)]×

[[ん。+B(K)+c(x)iE]2-A(K)2ん2-。(K)2+{1-2nF(κ ・)}×
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*GR(P -K)・m[

[ん。+B(K)+2E]c(x)2-A(K)2ん2-。(h')2]]・(2・12)

TheHTLresummedDSequationsarethecoupledintegralequationsforthesix

unknownfunctionsbecausetheinvariantsA,BandChavebothrealandimaginary

parts.Therefore,theDSequations,Eqs.(2.10)一(2.12),arestillquitetoughtobe

solvedevenifweadopttheabovetwoapproximations.

2.3.TheeffectivepotentialV[SR]fortheretardedfullfermionpropagatorSR

TheaboveDSequations,Eqs.(2.10)一(2.12),mayhaveseveralsolutions,andwe

choosethe"true"solutionbyevaluatingtheeffectivepotentialV[SR]forthefermion

propagatorfunctionSR,thenfindingthelowestenergysolution.Theeffectivepo-

tentialisexpressedrill)

V[SR]一 測 轟]+iTrln[2SR1]

一誓 聯/

(錫trhμ5R(K)ツ 〃SR(叫 〃(P-K)

+ツ μ3・(K)ッ"SR(P)DR(P-K)+ッ μθR(K)ッ"S・(P)DA"(P-K)],

(2.13)

wherethelstandthe2ndtermscorrespondtotheone-loopcontribution,whilethe

3rdtermcorrespondstothetwo-loopcontribution.

ｧ3.SolutionoftheHTLimprovedladderDSequationandits

gauge-dependence

InthissectionwesolvetheHTLimprovedladderDSequationderivedinthe

previoussectionnumericallybyaniterativemethod.Tostartwithwechooseap-

propriateinitialtrialfunctionsforA(P),B(P)andC(P)withtheguessforthemto

havenon-trivialimaginaryparts.Bycalculatingtheright-handsidesofEqs.(2.10)一

(2.12)weget"solutions"A(P),B(P)andC(P),whicharesupposedtobebetter

approximationstotherealsolutions.ReplacingtheinitialtrialfunctionsforA(P),

B(P)andC(P)bythe"solutions"thusgot,weobtainfurtherbetterapproximations

tothesolutions.Thisprocedureisiteratedtillweobtainconvergedsolutions.Since

thesolutionsthusdeterminedmaydependontheinitialchoiceofthetrialfunctions,

weneedtotryvariousinitialtrialfunctionstofindtherealsolutions.Sometech-

nicaldetailsinthenumericalanalysisinsolvingtheDSequationsaregiveninthe

Appendix.

Ifmorethantwoconvergedsolutionsareobtained,amongthesolutionsweadopt

suchasolutiontobethetrueonethathasthelowestvalueoftheeffectivepotential

V[SR],Eq.(2・13).

Toinvestigatehowthesolutionthusobtaineddependsonthechoiceofgauges,

wesolvetheHTLimprovedladderDSequationbychoosingvariousgaugeswithin

thecovariantgauge.Inthepresentpaper,wecarryouttheanalysisbychoosing

gaugesmainlyintheneighborhoodoftheLandaugauge(ξ=0),andshowexplicitly

theobtainedsolutionssufferfromthestronggauge-dependence.
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Landaugauge(ξ=0.0)

0.3

20<
＼Σ

Φ
匡

0.1

o.0
0.130 0.135 0.140 0.145 0.150 0.155

T/11

Fig.1.TheT-dependenceoftheInassRe[M]=・Re[0/A]atpo=0,p=0・1/1forvariousfixed

valuesofthecouplingconstantαintheLandaugauge(ξ=0.0).Thebest-fitcurvesateach

couplingconstant,withthecriticalexponentsvgivenineachdata,arealsoshown.

Landaugauge(ξ=0.0)

1.6

1.4一

N
⊂【1.2

一【&

∈

1.0

0.8

0.6

0.4

0.2

o.0
0.130 0.135

α=4.O

a=4.5

0.140

T/A

0.145 0.150

Fig.2.ComparisonofthewavefunctionrenormalizationconstantRe[A]andIlm[.4]latthecou-

plingconstantα=4.Oand4.5evaluatedatpo=0.0,p=0.1/1intheLandaugauge(ξ=0.0).

Gaugeswechoosearethosewithfivedifferentvaluesofthegauge-parameterξ,

includingtheLandaugauge:

ξ=0(Landaugauge),ξ=±0.05andξ=±0.025.

S



NAKKAGAwA,YOKOTAandYosHIDA:PhaseStructureofThermalQED/QcD

3.1.Resultinthe1ンandaugauge(ξ=0.0)

FirstlywegivetheresultintheLandaugauge,whichisthegaugestudiedin

mostoftheprecedinganalyses.Fig.1showsthemassRe[M(P)]…Re[C(P)/A(P)]

asafunctionoftemperatureTatfivedifferentvaluesofthecouplingconstanta,

α=3.5ラ3.7,4.0,4.5and5.0.Inthisfigurewealsogivethecriticalexponentvat

eachcouplingconstantαdefinedby

Re[M]=Oo(7』-T)",T〈 η, (3.1)

whichcontrolshowthemassRe[M]vanishesnearthecriticaltemperature牲.Wesee

thatthetemperaturedependenceofthemassRe[M]nearthecriticaltemperature

畏canbewelldescribedbythefunctionalfbrmEq.(3・1)withalittledependence

ofthecriticalexponentonthecouplngconstant.TheaveragevaluevryO.527may

alsoreproducetheresultswithappropriateCo.Thuswemaysaythatthephase

transitiontakesplacethroughthesecondordertransition.*)

However,thisresultcannotbejustifiedinhavingaphysicalsignificancewithout

furtherconsideration.AsshowninFig.2,theinvariantfunctionA(P)atthemomen-

tumwherethefermionmassisdefineddeviateslargelyfrom1,evenitsimaginary

partbeingsizable:Re[且]≧1.4andImレ;]ryO.1～0.2,indicatingZ2signi丘cantly

smallerthan1,noteventherealnumber.Thisfactimpliesthattheresultobtained

intheLandaugaugeapparentlycontradictswithZl=Z2impliedbytheWard-

Takahashiidentity,thereforeweshouldnotgiveaseriousphysicalmeaningtothe

resultintheLandaugauge.

3.2.Gauge-dependenceofthesolution

Nowwecomparetheresultswiththe丘vedifferentvaluesofξinordertosee

howlargethesolutiondependsonthechoiceofgauge.weillustrateitbyshowing

theresultsobtainedinthecaseofthecouplingconstantα=4.0.Fig.3showshow

themassM(P),asafunctionoftemperatureTりdependsonthechoiceofgauge.

parameters.

Inthisfigurewegivealsothecriticalexponentvateachvalueofthegauge-

parameter.Inanygaugethetemperature-dependenceofthemassRe[M]nearthe

criticaltemperaturecanbewelldescribedbythefunctionalformEq.(3.1)again

withalittledependenceofthecriticalexponentonthechoiceofgauge-parameter.

Theaveragevaluev盤0.527mayalsoreproducetheresultswithappropriateOレ.

Thisfactindicatesthatthephasetransitiontakesplacethroughthesecondorder

transition.

However,ascanbeeasilyseen,thecriticaltemperaturestronglydependsonthe

choiceofgauge-parameter,demonstratingthatitisessentialtochooseanappropriate

gaugesuchthatatleasttheidentityZl=Z2requiredbytheWard-Takahashi

identityholdsinsolvingtheimprovedladderDSequationinordertoobtainreliable

resultswhichhavepredictivepower.

*)Tobeexact
,inordertoconcludethatthephasetransitionisofthesecondorder,wemust

studyateachcouplingconstantwhethertherearenostablestatesotherthantheoneshowninthe

丘gure.
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α=4.0
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Fig.4.ComparisonofthewavefunctionrenormalizationconstantReレ4]andlIm,[A]Iatthecou-

plingconstantα=4.Oevaluatedatpo=0,p=0.1/1.

Forfurtherconsiderationoftheoptimalgaugeヲweshowthegaugedependenceof

thewave-functionrenormalizationfunctionA(P)inFig.4.Fig.4showstherealand

imaginarypartsofA(P)asafunctionoftemperatureforthefivegaugeparameters.

AscanbeseenfromthisfiguretheLandaugaugedoesnotgiveanybetterproperty
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comparedwithothergaugeparameters:obviouslytheWard-Takahashiidentitydoes

notfavortheLandaugaugeatall!

3.3.Furtheranalysisonthegauge-dependenceofthesolution

Aboveresultsgivenin3.2.maymeetwithfollowingcriticism;Inthepresent

frameworkofanalysisthecutoff'parameterllusedtoscaledimensionfulquantities

isnotaphysicalquantity,andsoweshouldratherusethecriticaltemperature7』as

ascale-dimension,thentheobservedgauge-parameterdependencemightdisappear.

Toanswertheabovecriticismwecarryouttherenormalization(or,re-scaling)

of/1sothatthecriticaltemperature7とalwayscoincidesirrespectiveofthechoiceof

gauges.Byusingineachgaugetherenormalizedgauge-dependentcutoffparameter

・4(ξ)toscaledimensionfulquantities,westudywhetherornottheobservedgauge-

dependencecanbeabsorbedintosuchagauge-dependentrenormalization.Sincethe

cutoffparameter/1isnotaphysicalquantityラitissurelypossibletoperfbrmsucha

renormalizationof11.

Thereasonwhyweadopttheprescriptiontorenormalize(or,re-scale)11gauge-

by-gaugeラnottakingtheprescriptiontousethecriticaltemperature7もasascale.

dimension,isthefollowing;Byperformingtherenormalizationgauge-by-gauge,we

canclearlyseewhetherasinglerenormalization-prescriptioninagivengaugecan

absorbatonceallthegauge-dependencesofthemassfunctionatdifferentstrength

ofthecouplingconstant,ornot.Ifitisthecase,Mienwecansaythatthegauge-

dependenceofmassfuYictionisabsorbedintothegauge-dependentrenormalization-

prescriptionandthemassfunctionlooksgauge-independentatleastaroundtheLan-

daugauge.Ifnot,however,wemustchooseadifferentrenormalization-prescription

foreachdifferentstrengthofthecouplingconstantaswellasforeachdifferentchoice

ofgauges,thusWecansaygauge-dependenceofthemassfunctioncannotbemade

todisappearthroughanyadmissibleprescription.

Asastartラfirstwestudythedatafbrthemassfunctionatα=4,givenin

Fig.3.Forconvenience,hereweperformtherenormalization(or,re-scaling)ofll

gauge-by-gaugesothatthecriticaltemperature7とcoincideswiththatoftheLandau

gauge,anddefinethe丘niterenormalization(or,re-scaling)factorz(ξ)by

z(ξ)==n/A(ξ)=1τ 』(ξ=0)/τ 』(ξ), (3.2)

where7も(ξ)isthegauge-dependentcriticaltemperaturedeterminedinFig.3,and

/1(ξ)istherenormalizedgauge-dependentcutoffparameterusedtoscalealldi-

mensionfulquantities,e.g.,themassfunctionM,thetemperatureT,thethree-

momentumpandtheenergypo,inthecorrespondinggauge.7も(ξ=0)isthecritical

temperatureintheLandaugaugedeterminedinthescaleof!1,theoriginalcutoff

parameter,inFig.3.

Ifallthemassfunctionsindifferentgaugeslieonasinglecurveafterthisrenor-

malizationandre-scaling,thenwecanconcludethatthegauge-dependeceobserved

inFig.3areabsorbedintothegauge-depnedentrenormalization-prescriptionatleast

atthevalueofthecouplingconstantα=4.

ResultoftheanalysisisshowninFig.5,a)a=4.InFig.5,thehorizon-

tal/verticallinerepresentsthetemperature/massfunctioninthescaleof11(ξ)_
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z-1(ξ)ノ1andthemassfunctionisevaluatedatpo=Oandp=0・1inthescaleof

・1(ξ).Ascanbeseenthefermionmassfunctionsindifferentgaugeslieon4げere撹

curvesasafunctionoftemperature.ThusFig.5a)showsthatthereremainsa

cleargauge-dependenceinthebehaviorofthemassfunction,namely,thefermion

massinthemediumtakesdifferentvaluesdependingonthechoiceofgauges.Here

itisworthnoticingthatthecriticalexponentdoesnotchangewiththethepresent

renormalization(or,re-scaling)ofA.

Nextletusstudywhathappenstothedataforthemassfunctionatdif-

ferentstrengthofthecouplingconstantα=4.5ラwiththesamegauge-by-gauge

renormalization-(or,re-scaling-)prescriptioncarriedoutata=4,namely,withthe

samevalueofthe丘nicerenormalizationfactorz(ξ)determinedintheaboveanalysis

ata=4.Alldimensionfulquantitiesineachgaugearere-scaledbythisvalueofthe

丘nicerenormalizationfactorz(ξ)atα=4.

WegivetheresultinthesameFig.5ラb)α=4.5,showingthatthecriticaltem-

peraturesindifrerentgaugescannotcoincide,indicatingthelargegauge-dependence

ofthecriticaltemperature.Thecriticalexponentalsodependsonthechoiceof

gauges.

Itissurelypossibletochooseadifferentrenormalization-prescriptionsuchthat

thelargegauge-dependenceofthecriticaltemperaturecanbeabsorbedintothe

distinctiverenormalizationofthecutoffparameterateachdifferentstrengthofthe

couplingconstantaswellasineachdifferentchoiceofgauges.However,wecannot

findanyadmissiblereasontoadoptsucharenormalization-prescription.

Wecancarryoutthesameanalysisstartingfromthedataforthemassfunction

atα=4.5.ResultsaregiveninFig.6.Hereweperfbrmedthethegauge-dependent

renormalization(or,re.scaling)of/1sothatthecriticaltemperatureTとcoincides

withthatoftheLandaugaugeatcx=4.5,andalldimensionfulquantitiesineach

gaugearere-scaledbythisgauge-dependentrenormalizedcutoff'parameter/1(ξ)

determinedatα=4.5.Themassfunctions・Re[M]μ(ξ)atα=4.5invariousgauges

showalmostthesamepatternofbehaviorasthoseatcx=4,Fig.5a),asfunctions

oftemperature,seeFig.6a)a=4.5.Withthisgauge-dependentrenormalizedcutoff

parameterA(ξ),namely,withthesamevalueofthefiniterenormalizationfactor

z(ξ)determinedatα=4.5,thedataforthemassfunctionatα=4,givenin

Fig.6b)a=4,againshowsthelargegauge-dependence:thecriticaltemperatures

indifferentgaugescannotcoincideandthecriticalexponentalsodependsonthe

choiceofgauges.

Wecanalsoperformtheanalysisofmassfunctionatfixedtemperature(inthe

scaleofrenormalizedcutoff/1(ξ)=ガ1(ξ)A)asafunctionofthecouplingconstant

α.InFig.7shownareresultsofanalysesattwotemperatures,Tμ(ξ)=0.110and

O.143,thelatterbeingthecriticaltemperature7も(ξ)μ(ξ)atα=・4(see,Fig.5a)).

Herewealsousethesamevalueofthe丘niterenormalizationfactorz(ξ)determined

intheaboveanalysisata=4.

Ascanbeseen,themassfunctionsRe[M]μ(ξ)atTμ(ξ)・=0.143coincide

atα=4,andthoseatT/ノ1(ξ)=0.110alsoshow,thoughnotsoclear,thesame

tendencyasaapprochesto4.Thesebehaviorsariseduetothechoiceofpresent

renormalizaton-prescription,i.e.,thechoiceof11(ξ)determinedatcx=4.However,
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asthecouplingconstantαdepartsfromα=4,themassfunctionbecomesseparate:

thelargercxdepartsfromcx=4,thebiggertheseparationofthemassfunction

becomes.

Fromtheaboveanalyseswemustconcludethattheobservedgauge-dependence

ofthefermionmassfunctioncannotbeabsorbedintoagauge-dependentrenormal一
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izationofthecutoffparameter11.Thefermionmassfunctiondeterminedbysolving

theimprovedladderDSequationreallydependsonthechoiceofgauges,sodoin

generalthecriticaltemperatureTと,thecriticalcouplingαcandthecriticalexpo-

vents.Theonlyphysicalconclusionwecangetfromtheanalysisoftheimproved

ladderDSequationinthegeneralcovariantgaugeisthatthechiralphasetransition

inmasslessthermalQED/QCDtakesplacethroughthesecondordertransition.

Thusweshouldfinallysaythatitisessentialtochooseanappropriategauge

suchthattheidentityZl=Z2impliedbytheWard-Takahashiidentityholdsin

solvingtheimprovedladderDSequationinordertoobtainphysicallymeaningful

results,havingpredictivepower.

ｧ4.Conclusionsanddiscussion

InthepresentpaperwesolvedwithanumericalproceduretheHTLimproved

ladderDSequationfc)rtheretardedfermionself-energyfunctionΣ フRtostudythe

spontaneousgenerationoffermionmassinthermalQCD/QED,mainlyfocussingon

thegauge-dependenceofthesolutionwithinageneralcovariantgaugewherethe

gaugeparameterξisanyconstantnumber.Itshouldbenoticedthat,intheDS

equationinthepoint-vertexladderapproximation,nosolutionreceivesthevertex

correction,thusthevertexrenormalizationconstantZlisexactlyunity,Zl=1.

Wealsomadeanimprovementinestimatingthenumericalintegrationoversingular

partsoftheintegrationkernelinthepresentanalysis.

With_thenumericalsolutionsthusobtainedinvariousgauges,wefoundthe

followings;
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i)IntheLandaugaugetheobtainedsolutionshowsasignificantchangecompared

tothesimpleladderanalyses,3>indicatingtheimportanceoftakingthedomi-

WanteffectofthermalfluctuationsintotheintegrationkernelthroughtheHTL

resummationproseure.

ii)Inanygauge(includingtheLandaugaugeξ=0)wherethegaugeparameterξ

beinganyconstantnumber,thefermionwavefunctionrenormalizationfunction

A(P)alwaysdeviateslargelyfromunityevenatthemomentumwherethemass

isdefined.Thisfactclearlyshowsthatthecorrespondingsolutionsexplicitly

contradictwiththeidentityZl=Z2impliedbyWard-Takahashiidentity,which

makesthephysicalmeaningofthesolutionbeingobscure.

iii)Theobtainedsolutionsstronglydependonthechoiceofgaugeparameters:the

criticaltemperatures(andthecriticalcouplingconstants)changesignificantly

gaugebygauge.

iv)Stronggauge-dependenceofthemassfunctionwasfurtherconfirmed;Weper-

formedtherenormalizationofthecutoffparameterllgauge-by-gaugeandmade

there-scaling,bythisgauge-dependentcutoffparameter/1(ξ),ofalldimen-

sionfulquantities,e.g.,themassfunctionM,thetemperatureT,thethree-

momentumpantitheenergypointhecorrespondinggauge,thenstudied

whetherornottheobservedgauge-dependencecouldbeabsorbedintosuch

agauge-dependentrenormalization.Theresultwasnegative:stronggauge-

dependencesofthemassfunctionMμ(ξ)stillsurvive,showingtheermion

massinthemediumtakesdifferentvaluesdependingonthechoiceofgauges.

v)wealsodeterminedthecriticalexponentvdefinedbyEq.(3.1),whichcontrols

howthemassjRe[M]vanishesnearthecriticaltemperature7毛.Theresultsshow

thatthetemperature-dependenceofmassRe[M]nearthecriticaltemperature

7毛canbewelldescribed正)ythefunctionalfc)rmEq.(3・1)ラandthatvalso

dependsonthestrengthofthecoupling,andonthechoiceofgauge.Thus

theonlyconclusionwecouldgetfromtheanalysisoftheimprovedladderDS

equationinthegeneralcovariantgaugeisthatthechiralphasetransitionin

masslessthermalQED/QCDtakesplacethroughthesecondordertransition.

AlltheabovefindingsshowthesolutionoftheHTLimprovedladderDSequation

suffersfromtheproblemoflargegauge-dependencewithinageneralcovariantgauge

wherethegaugeparameterξisanyconstantnumber.Namelythesolutionvaries

significantlygaugebygauge.Themostseriousproblemwefaceisthereisnodefinite

criterionwhichsolutionweshouldchoose,whichthenremindsusofthefactthat

atzerotemperatureanysolutionintheLandaugaugeoftheDSequationwith

theladderkernelautomaticallysatisfiesZ1=Z2impliedbytheWard-Takahashi

identity:oneofthemostpromisingcriterionselectingthesolutiontohavedefinite

physicalmeaning.

Herewegivesomecommentonthechoiceofthegaugeinthepresentanalysis.

Aswenotedin§3,wesolvedtheHTLimprovedladderDSequationbychoosing

gaugesonlyintheneighborhoodoftheLandaugauge(ξ=0).Thereasonwhywe

choosesuchgaugesisasfollows;i)TheLandaugaugehasaspecialsignificanceat

zerotemperature,andmightdosoevenatfinitetemperatures.Withthisexpectation

manyanalyseshavebeencarriedoutintheLandaugaugeラthusinperfbrmingthe
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analysisintheneighborhoodoftheLandaugauge,wecanseeWhatreallyhappens
bycomparingtheresultofouranalysiswiththoseoftheprecedingworks.ii)There
isamorepracticalreason:inourpresentprocedurewecangetnicelyconverged
numericalsolutionsmainlyinthegaugesneighboringwiththeLandaugauge.
Anywaywithsuchasmallchangeofgauge,thesolutionweobtainedshowsa
bigchangeirlthe"physicalquantities"suchasthecriticaltemperature.
Thustheonlyconclusionwecouldhavefromouranalysisisthatthechiralphase
transitioninmasslessthermalQED/QCDatzerofermionnumberdensitytakes

placethroughthesecondordertransition.Todeterminethecriticaltemperature,

thecriticalcouplingconstantandalsothecorrespondingcriticalexponentsina

physicallysensibleway,weshouldfindsuchasolutionthatsatisfiesatleastZl=Z2,

requiredbytheWard-Takahashiidentity.

Needlesstosay,anysolutionoftheDSequationintheladderapproximationcan

notsatisfythefullWard-Takahashiidentity,statingtheidentitybetweenthevertex

functionandthederivativeofthefermionself-energyfunction.Weonlyproposea

possiblechoiceofgaugewhereZl=Z2holdsatleast,whichmayhelpustoget

aphysicallymeaningfulsolutionatthesamelevelofsignificanceasthatatzero

temperatureanalysisintheLandaugauge.Itisournextplanofanalysistocarry

outthisprocedureandinvestigatethepropertiesofsuchsolutions.12),13)
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AppendixA

DetailsofthenumericalanalysisoftheDSequation

InthisAppendix,firstlyweexplaintheproblemsinthenumericalanalysis,

whichwefaceinsolvingnumericallytheDSequations,Eqs.(2.10)…(2.12),forthe

invariantfunctionsA,BandC,thengivetheproceduresthemakeuseoftoresolve

theproblems.Wefacetwoproblemsinthenumericalanalysis;

i)AscanbeseenfromEq.(2.10),todeterminethefunctionA,firstlyweperform

theintegrationoverthevariableKintheright-hand-side(r.h.s.)oftheequa-

tion,thendividetheresultbyp2.Needlesstosay,thep-dependencesofboth

sidesoftheequationshouldagreewitheachother,andasitiseasytoconfirm

thatnoproblemappearsintheanalyticalcalculation.However,aproblemdoes

appearinperformingthenumericalcalculation.Inthesmall-pregion,weare

forcedtocarryoutthenumericalintegrationinther.h.s.inahigheraccuracy

levelcomparedwithotherregionofthemomentump.Thisisinfactahard

task,causinglargererrorsandthusbeingtheoriginoftheunstablebehavior

inthenumericallydeterminedAinthesmall-pregion.Thisproblembecomes

especiallyseriousinthecontributioncomingfromthetermthatdependsexplic-

itlyonthegauge-parameterξ,i.e.,theDμ レterminthegaugebosonpropagator
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*Gｵv
,Eq.(2.2).Formallywemustdividebyp3,notbyp2,todeterminethis

contributiontothefunctionA.

ii)Thereareseveralsingulartermsinthegaugebosonpropagator*Gｵv,Eq.(2.2),

apPearingintheintegrationkerneloftheDSequations;a)Theξ 一dependent

Dｵvtermisapuremasslessdouble…polemode.b)Thetransverse(magnetic)

modebeingproportionaltoBｵvreceivestheso-calleddynamicalscreeningラbut

itbecomesmasslesswhentheenergy-componentofthemomentumvanishes

withthespace-componentofitbeingfinite.

Inbothcaseswefacethenumericalintegrationoversingularfunctions,e.g.,the

principalpartandtheb-function.Intheanalyticalcalculationthesefunctionsdo

notcauseanytrouble,butinthenumericalcalculationthey,especiallytheprincipal

partりdocausetroublestoobtainstablesolutions.Theprocedureswemakeuseof

inordertoresolvetheaboveproblemsareasfollows;

i)Asfbrthefirstproblemi)aboveりwecarryouttheintegrationinther.h.s.of

Eq.(2.10)bytwodifferentmethodsdependingontheregionofthemomentum

p.Inthesmall-pregionp<pth,asforthecontributioncomingfromtheDｵv

termthatdependsexplicitlyonthegauge-parameterξ,weexpandthecorre-

spondingintegrandofther.h.s.ofEq.(2.10)inthepowerseriesofp,keeping

uptothep3term,thencarryouttheintegration.Inthelarge-pregionp>pth,

weperformtheordinarynumericalintegrationtogetthefunctionA.Theex-

plicitvalueofthe"thresholdmomentum"pthisdeterminedbyconsideringthe

stabilityaswellasthesmoothnessofthesolution.Inthepresentanalysiswe

chooseP抗=0.2/1.

ii)Asforthesecondproblem,weusetheordinaryprocedure.Whentheintegration

overtheprincipalpartappears,wedividetheintegrationregionintotwoparts:

theintegrationintheneighborhoodofthesingularpoint,andtheintegration

awayfromthesingularpoint.Wecancarryoutthesimplenumericalintegration

awayfromthesingularpoint.Theintegrationintheneighborhoodofthe

singularpointiscarriedoutanalytically,bytakingtheunknownfunctionsA,

B,andCkeptconstantswiththevaluesofthoseatthesingularpointofthe

gaugebosonpropagator.

Inorderforthismethodtowork,theunknownfunctionsA,BandCshould

behavesmoothintheneighborhoodofthesingularpointofthegaugeboson

propagator,andalsoweshouldtaketheneighborhoodofthesingularpointas

narrowaspossible.Thefirstpointcanbecheckedaposterioribytheobtained

solutions,andtheresultissatisfactory.Asforthesizeoftheneighborhood

wheretheintegrationisperformedanalytically,wemustchoosebyseeingthe

stabilityandthesmoothnessoftheobtainedsolutions.Inthepresentanalysis,

wechoosellρo-1ごol<0.04/1andlp-kl<0.2/L
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