
NakkagawaandYokota:ImprovingtheEffectivePotential... 65

ImprovingtheEffectivePo七ential

atFiniteTemperature*

HisaoNAKKAGAWAandHiroshiYOKOTA

Institute!bT翫 加mJ8cづ ㎝ce,Naraひniv(鷺{吻

ABSTRACT

Weproposeasimpleandげec伽eproceduretoimprovethefinitetemperature

effectivepotentialsoastosatisfytherenormalizationgroupequations.Wealso

demonstratethisprocedurebyexplicitcalculationsatzerotempreraturerenormal-

izationscheme.

1.Introduction

Theeffectivepotential(EP)atfinitetemperatureisaconvenienttooltoinvestigate

thephasetransitionoftherelativisticqua皿tumfieldtheory1).Oneofthecommonpr(ト

ceduresforcomputingtheEPistheperturbativecalculationwiththeloopexpansions}

However,theperturbativelycalculated五 一loopappro)dmationoftheEP,V(L),suffers

fromthefamousproblemofrenormalization。scheme(RS)dependence2);therapidde-

pendenceofthetree-or1-loopEP,v(o)orV(1),onthechoiceofrenormalizationpoints

μand7bisthemostpopularexample.Noreliablepredictioncanbemadewithout

solvingthisproblem3).

WeknowthattheexactEPatfinitetemperaturesatisfiesasetoftworenormal-

izationgroupequations4>(RGEs),whosedifferentialoperatorsarejusttotalderivatives

withresp㏄ttoμand7b.Namely,theexactEPisautomaticallyμ 一andTo-independept.

HowcanweusethisfacttosolvetheproblemofR.S-dependence,especiallyoftherenor-

malizationscaledependence?ThisisthekeyquestionforcarryingouttheRGimprove-

mentoftheEP.Recently,inthecaseofthezero-temperaturefieldtheory,anelegant

procedurehasbeenproposed5)toimprovetheEPsoastosatisfytheRGE.

InthispaperweextendtheideaofRef.5)tothefinitetemperaturefieldtheory

andproposeasimpleandeffectiveprocedureforimprovingthefinitetemperatureEP

soastosatisfythecorrespondingRGEs.
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II.RGimprovementatfinitetemperature

Fordefiniteness,letusconsidertheO(N)symmetricmassiveλ φ4modelofanN。

componentrealscalarfieldinthelarge-Nlimit.TheLagrangiandensityofthesystem

lS

疋 一1(∂ μφ)2-lm2φ2-1λ(φ2)2_hm4,(・)

φ2=φ αφα,α=1,2,…,N.

Supposethatweemploythemass-independentrenormalizationandrenorma,lizethethe

oryatanarbitrarymass-scaleｵandatanarbitrarytemperatureTowithdefiniterenor-

malizationprescriptions(e.g.,themodifiedMOMschemewithsymmetric/asymmetric

renormalization,etc.).Herewepayattensiononlytotheμ 一and7b-dependencesofthe

perturbativeresult.

Thentheeffectivepotential(EP)satisfiesthetworenormalizationgroupequations

(RGEs)withrespecttotherenormalizationpointsμandξ(≡Tb/μ):6)

μ濫+β μ奏 一m2θ μ∂嘉2一 φッμ島+β んμ券V(伽2,λ,ん,T;μ2,ξ2)一 ・,(2)

(

(ξ妾+βξ券 一㎡θ
Thesolutionisgivenby

a

ξ∂m2

a
一 φツξ

∂φ

)

+aQh;ah)V(伽2,λ,h,T;μ2,ξ2)一 ・・

V(φ,m2,λ,ん,T;μ2,ξ2)=V(φ(孟,ρ),m2(オ,ρ),ス(孟,ρ),ん(孟,ρ),T;μ2e2孟,ξ2e2ρ),

(3)

(4)

whereφ,而2,λandんarerunningparameterswhoseかa皿dρ 一dependencesa■edetermined

by

芸1一 β名(λ),∂寡 一 一8i(ス)而2,

ll-一 ッ・(λ)φ,ll一 βh・(h,ス),(τ,の 一(ち μ),(ρ,ξ),(5)

withtheboundaryconditionthatthecorrespondingbarredquantitiesreducetothe

unbarredparametersatt=p=0.Therefore,theEPiscompletelydeterminedonceits

fiLncti・ η ノbm¢5㎞ ・wnatcertainvales(ゾtandp・

Thenthequestionposedintheintroductionreducestothefollowing:Howcanwe

determine,withthelimitedknowledgeoftheL-loopcalculations,thefunctionalformof

theEP?

Incaseofthezero-temperaturefieldtheory5bystudyingthelogarithmicstructure

oftheL,-100pEP,V(1,),Bandoetal.5)showedthattheknowledgeuptotheL-loop

calα11ationscandetermlilethefunctionalformoftheEPbeingexactuptothe、 乙th-t(》

1eadinglogorder.BeautifulpointoftheirprocedureisthattheEPthusdetermined

automaticallysatisfiestheRGE(2)uptothe五th-t(>leadingloga£curacyleveL
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InordertoextendtheideaofRef.5)totheZ「 ≠Ocaseofourinterest,herewestudy

thestructureoftheperturbativelyevaJuatedEP.Inthelarge-Nlimit,Zφ=1(namely,

・γ
μ=ツ ξ=0)andcontributeddiagramsaばrechalntypes,daisytypesandsuper-daisy

typesonly,whichhavethefollowinggeneralstructures:

1)contributionfromchaindiagrams(L>2):

噛 一 般静4【P伽 ・mialsin△ ・,△2L(6)

2)contributionfromdaisydiagrams(L>4):

鳴 一 般 静4[(numericalfact・r)×(λN△ ・)レ ・△L-・],(7)

3)contributionfromsuper-daisydiagrams(L>5):

脇_一 般 静4[P・lyn・mialsin△1,…,△L-2L(8)

whereλN≡Nλ,M2≡m2十(1/2)λ φ2and

MZ△ ・ ≡ 垢23M2+(δM2)(1),(9)

△2≡22f(ん2
-1M2)2+Z美1),(・ ・)

(M21η 一2△η ≡22f(た2-1M2)η(η ≧3)・(・ ・)

(δM2)(1)㎝dZ美1)arethe1-1・ ・pmassandc・uplingc・untertermsrespectively,andfk

denot㏄theκo-su㎜ation㎝dk-integration.Thusbyintroducinganeffectivevariable

T≡ λ1v△1,theIL-loopcontributiontotheEPcanbeexpressedinthepower-seriesin7;

V(L)一 鷹4[凄 痴IL脳zδ 塩・],z≡ λNんm4M4・(・2)

Then,thefullEPbecomes

V一 禽V(L)一 鷺 柵)+z転 ・},(・3)

where D
FQ(丁)≡(LvQ

J)TL-8・(・4)
z-e

Thisformofexpansion(13)inpowersofλNjustgivesa`leccdzng一 ゲseriesexpansion:

namely,」Fb,F1,..。correspondtothe`leading',`newt-to-leading,,…Tterms,respectively・

Themeaningof`leαd伽,ゲbecomesclearlater.
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AtT=0,the`4仇 一オo-leading7"function」FンisgivensolelyintermsoftheC-loop

levelp・tential,乃(T=)一(Lve=の.S・,ifwecalculatedtheEPupt・theL-1・ ・plevel

レ乞=V(o)十V(1)十 … 十V(L),thenatア=OitaJreadygivesthefunction`㏄ αcがupto

`Lth -to-leadingT'order:

V一 鷺 塵L=の+祠+・(λ 先)=VblT=。+o(λ 長)・(・5)

Therefore,withtheL-100ppotentialVLathand,theEPsatisfyingtheRGEscan

begivenby

ム

V-N蜘 Σ ス㌃1(ち ρ)[ザ)(ち ρ)+乏(ちρ)δ乏ρ]

Q=0テ(ち ρ)=0

=UL(φ,而2(ち ρ),スN(ち ρ),h(ち ρ);μ2e2t,ξ2e2ρ)1
テ(重,ρ)、=o,(16)

wherethebarredquantitiesshouldbeevaluatedattandpsatisfying

テ(t,ρ)≡ λ」v(オ,ρ)△1¢,ρ)=0.

Althoughthesolution(16)is"exact"onlyuptoLth-to-leadingTorder,itsatisfies

theRGEsexactlyiftherunningsofthebarredquantitesaresolvedexactly.Ifthe

runningsoftheparameterλN/λN,疏2/m2andん/haresolvedcorrectlyonlyupto1}th

powerinλNinthesenseoftheleadingTexpansion,oursolution(16)satisfiestheRGE

uptoLth-to-leadingTorderand"exact"inthatorder.

III.Explicitcalculations

Inthissection,wedemonstrateourprocedurebyexpIicitcaJculationstothe`neat-

to-headingT'order(L=2).Here,forsimplicity,weusethezerotemperaturerenormal-

izationscheme,andthusallrenormalizationconstantsa■ethesameasthoseat7「=0.

Theunimprovedeffectivepotentialis

V至 一NIV!4Z
,¥N卜+丁2+入N{-6岩 互+π 瑞4L・(T2M2)-2π 瑞2L・(TZM2)}

吹 剥+㎡(Nん 一2λ!v),(17)

where

T

L・(1
Q2)

L1(a)

λN{3煮2(M21n
μ2}1)+2π 斎2L・(T2M2)},

∠㏄繍n[・ ‐exp{一>a2}},

た2dた11

2000 V褥exp{V褥}一 ゴ

(is)

(19)

(ZO)
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ThecoefficientfunctionsoftheRGEarethesameasthoseatT=Oandcalculatedby

(exactupto2-looplevel)

βμ(λ!v)-1詣2脳 λい μ(λN)一 一δλN,βhμ(ん,λN)-Nb_2bha2N.(2・)

Thus,wecangettheimprovedEPasfollows:

VZ一 矯)[1+aN(t){-6岩2+議)五 ・(轟))

爺t)L・(1-MZ(t))}+ス 裂(オ)(剥+㎡(孟)(ん(オ)-2ス 夢(オ))(22)

where

蜘 一 、筆 λ
N,スN(t)一 、鶉 λN,(23)

andthebarredquantitiesareevaluatedatsuchatthatsatisfies7(t)=0.

Here,wemakeclearthemeaningsof`leading一 ゲand`㏄ αc彦'.Tincludeslea、dinglog

termandleadingTtermforlargeT:

画[1M2解_In十32
π2μ224πM2]・(24)

Therefore,weusetheterm`eth-to-leadingT'inthesimultaneoussenseofthenth-to-

leadinglogandthenth-to-leadingT.Namely,"`exact'upto`Lth-to-leadingT'order"

means"enactuptoLth-to-leadinglogaswellasLth-to-leadingTorder"o

Next,letusseethebehavioroftheimprovedEP.

●ExpandingtheimprovedVIwithrespectto(unbarredcoupling)λN,weget

-NM41M23)
+1_.L・ 爾}

Thisisnoth

・Thecon

disirednext-to-leadinfTaccuracylevel

+λ御({132 -2(M21n21)+2論2五 ・(T2M23鼻)2)]

+m4(んN2a
N)・(25)

ingbuttheunimprovedVZ,Eq.(17).

ditionT(t)=0,whichdeterminesthefunctionformoftheEPuptothe

givestheequation

蜘 一M2L一 矩(t)+1aNbAM22(オ)+…,(26)

where

ML=M2-}一

A=2(log

ANT

24'

2F
E)・

(27)

(2s)
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Eq.(26)isvalidinthehightemperatureregime,alldworksasthemassgapequar

tionwhichdeterminestheノ 寝2(t)athightemperature.

M(のcanbeexpandedfbrslnallλ!vas

M(t.) A4ん{1一
λNT

16πML
+・(ANT(16

πML)2)}

・W'ecalculatealsothecriticaltemperatureTcinacrudeanalyticestimate:

7'122+λN略 一 。.

24

ThisagreeswiththeresultofDolan-Jackiw7).

X29)

(sod

IV.Summary

●Weproposeda3¢ ・mpleand(ガ ㏄ 伽eprocedureoftheRGimprovementoftheeF

fectivepotentialat且nitetemperature.

・Appliedittotheperturbativecalculationinzero-temperaturerenormalization

scheme:itaut●maticallycarriedoutthelarge-logresummationaswellasthere--

summationoflarge-Ttel°mst}Troughthechain,daisyandsuper-daisysummations.

●Thisproceduremaybeextensibletogeneralcasebystudyingthestructureof

perturbativeexpansion.
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